
 
Flatfamilies

Recall that an R module M is flat if for all injections
of Rmodules N N the map

M RN M RN

is injective Sincetensoring is always right exact tensoring
by a flat module is exact

We showed that localization is exact i e U R is a

flat R module

We will see thatflatness is connected to the idea of

varieties schemes or their corresponding algebras varying
in a family

Ex Plane curves of degreed are describedby

f Eaijx yd c k x yitjed

Varying coefficients varies the curve Algebraically we

vary the k algebra
k

The aid parametrize the curves and we get a map to the

parameter space where each fiber is the corresponding curve



Spec KCaij SpeckG y a
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So why not define a family as a morphism i e each

member of the family is a fiber

This is too general In curve example if we vary the

parameters of a curve it changes the geometry in a

natural way

EI xy a O gives a sub family of curves and

as a 0 it deforms from a hyperbola into the

union of two lines

Ttt J d

familyI b t
a
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However if we set all coefficients to 0 f O so we getthe
whole plane or SpeckG y which doesn't fit nicely in a

family of curves



Similarly we could have a one parameter family like this one
we've seen before

Ex Speck Spec left k Ext
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The way we exclude these cases is by requiring the
mapto be flat i e We want the corresponding map of

rings R S to make 5 flat as an R module

Ex let R kCt and k I

1 S R
t Then SER and R RN N for all N

So R is flat Geometrically
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Fiber over t a is

specs
Sree S rRft a

spec Skt a

f f Spec k 2 a

SpecR 2 points when a 1 0 I point
when a _0

However notice that kC 2 a Z X F 20 forany a so

these all have length 2 Since these are Artinian k algebras

we can also compute the length as

t.CH z a dimkkGYxzay dimr klt0kx 2

Moreover S is a free R module of rk 2 ni t ismonic
so

g p NE
1202 PN N N

for all R modules N In particular tensuring by S preserves

injections so it's flat More generally free modules are alwaysflat

we'll soon see that our exampleabove
k

t is trot
a flat left module

Freeresolutions andTor

When discussing flatness it's important to know a little
homological algebra Here's a brief intro to Tor



let M be an R module A freeresolution of M is an

exact sequence

F Fo M O

where each Fi is a free R module

If M is any R module w generating set mi iej we

can construct a free resolution as follows

set Fo tR and ei the ith basis vector

Fo s M is surjective
Ei 1 Mi

tf Mo Kev Fo M repeat the process to get Fi and

F Fo M 0

We can continue this to get a possibly infinite free

resolution of M

Ex let R kCxy M yy This is generated as
an R module by 1 so

R M O
I 1 I

which has kernel x y so the next step is



R R M o
a b Max by

The kernel is generated by y x

o R R R M o

f 1 fy fx

1
injective

This is a free resolution Note this is not unique
It requires a choice ofgenerators and we could just add
on superfluous R summands at any point and just
send them to 0

DIE let M and N be R modules and

F Fo M 0

a free resolution of M Tori M N is the homology at F N

of the complex

Fit N Fi N sFi N to N f Oleaveout M

i e it is Kendi1mg

tutor

1 It's well defined independent of chosen resolution



2 Tori M N ETori N M ie we can compute by finding a
resolution of N instead

3 Torok M N Coker M N Mu N EM N since is

right exact

4 If M is free O M M O is a free res

Tori M N o V i 0

5 Tori M N is R bilinear malt on M by reR induces
malt by r om Tori M N

6 If S is a flat R algebra then

S mtor M N Tori S RM S r N Exa

F Tov is left derived functor of tensor That is if

O M µ M 0 is exact then so is

Toulmin TorMSN Tov MN Tor MIN M N M N M N O

Ex let R be a ring and XER a nonzerodivisor Then

X Ro R R la o

is a free resolution If M is any R module then



Tori RG M Ho o M M o

so Toro Rha M MGM

Tor M mom I am o

and all higherTori are 0

Torandf latness

On next Hw we'll see

Torp M N O for a NH M is flat Tori M N O V i 0

In general this can be hard to check The following stronger
condition can be easier to check

Pep R a ring M an Rmodule

1 If I ER is an ideal I RM M multiplication map

is an injection TorR RE M O

2 M is flat the condition in 1.7 is satisfied for all ideals

I E R

PI 1 The short exact sequence

0 I R MI o yields the longexactsequence



Tov R M Tov MI M I M ROM MI M 0
It
0

Risfree so this is o es Thi is injective

2 by def of flatness

I Assume the equiv conditions hold for all ideals IER

Let 4 N N R modules and take corresponding map

N M N M

et x be in the kernel We want to show 7 0

If Eni Mi finitelymany summands then

41 1 24 ni mi D

This involves onlyfinitely many elements of N so we can

replace N by R4Cni and N by ER hi and assume
N is finitely generated by n generators

Then Mnl is finitely generated Let

N NoEN E ENT N Where NityNi is genby one element

Thus R NityNi so Nitty EMii some ideal Ii

O Ni Nit
N

O yieldsNi



exact sequence Tov NityNi M Ni M Nit Mi

MI

byastumption so is injective for ti

N M N M is the composition of injections so it's

injective D

In fact w a little tweaking one can show the conditiononlyneeds
to hold for finitelygenerated ideals I

From this we get a nice corollaryabout modules over a PID
First a definition

Def An R module M is terse if for all reR

nonzerodivisors in Rz and m c M nonzero we have
run to

Ex Free modules are always torsion free So are ideals

Lori 1 If M is a flat R module then M is torsion free

2 If R is a PID then M is flat M is torsion free

Rf 1 let a c R be a NZD in R We showed that



Tor Rfa M me M am o f 0
flatness

Thus a is a NZD on M so M is torsion free

2 by 1

Assume M is torsionfree over R a PhD and thus an

integral domain

If IER an ideal then I a WTS TorpRfa M O

If a O we've done since R is flat If a 10 then

Tor Ma M meMI am 03 0 So by theProp M is flat.D

Ex k I R left S R
t S is not torsion free

tx O
e

inR in 5
Thus S is not f at over R

Flatness is local Geometrically this means we can check

for flatness in a neighborhood of each point Algebraically
it means the following

Pep M is a flat R module Mp is a flat Rpmodule
for every prime ideal PER



Rf AssumeM is flat over R let N EN be

Rp modules They are also R modules so

M RN 4 M RN
112 112

M RNpRp MORN Rp
112 112

Mp r N Mp RN

so Mp is a flat Rp module

Now assume M is het flat Then there is some inclusion

N N of R modules such that

M N M NR r

is not injective and thus has kernel K 0 Thus

O K M AN M pN

is exact and there is some prime ideal PER s t

Kp 1 0 so

O Kp Mp pNp Mp NpIt
0

is exact so is not injective even though
Np Np is Thus Mp is not flat D

Note that we could replace prime w maximal



Ex The problem point of M KG't
q f as an R leftmodule

is t Localizing at t we get

Mee
k t

ace
which has torsion since tx 0 so it's not flat

At any other prime idealP t becomes a unit so

Mp KG.tk kGitTP
q p

kCtIpRptx
p

Which is free over Rp and thus flat


